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Plastic deformation of a tension specimen bounded by a curved surface of revolution is considered. Such a 
configuration may occur, for example, as a result of necking. The specimen material satisfies the Tresca 
yield condition and the associated flow rule. Approximate solutions for the stress distribution in the neck 
were examined in [6]. The extension of notched bars was investigated by numerical and graphic methc~s 
in [2, 4]~ Below, the problem is solved analytically for a sufficiently smooth neck; a small degree of non- 
u n i f o r m i t y  of  the p l a s t i c  p r o p e r t i e s  is  t aken  into accoun t .  

1, We a s s u m e  that  the p l a s t i c  s t a t e  in q u e s t i o n  c o r r e s p o n d s  to the H a a r - K a r m a n r e g i m e  [1]; as  u sua l ,  the va l i d i t y  
of  th is  a s s u m p t i o n  is  c o n f i r m e d  by the p o s s i b i l i t y  of  ob ta in ing  a c o m p l e t e  so lu t ion .  In t en s ion  the r a d i a l  c o m p o n e n t  of  
the  flow r a t e  u < 0 and,  in a c c o r d a n c e  with the r e g i m e  adopted ,  the c i r c u m f e r e n t i a l  p r i n c i p a l  s t r e s s  a r e  g iven  by 

% =  1/2 ( ~ + ~ ) - - k  

whi l e  the  c o m p o n e n t s  ~ r ,  az ,  Z rz  m u s t  s a t i s f y  the e q u i l i b r i u m  and y ie ld  condi t ions  

6~r O!:rz 6r - -  Gz ]~ 0, O~rz OGz A_ Trz - -  0 
o"-F-+"~--= +--FT--~ + ? - =  "-3F-~ +-~-~ , r - -  

(% - -  %)~ § 4-%~ = 4k~. ( 1 .1 )  

H e r e ,  k is the y ie ld  point  of  the m a t e r i a l  in s h e a r .  P l a s t i c  f low o c c u r s  in the  r e g i o n  AOB (F ig ,  1) a d j a c e n t  to the 
m i n i m u m  c r o s s  s e c t i o n  of  the  t e s t  p i e c e .  The  absence  of s t r e s s e s  at  the f r e e  s u r f a c e  m a k e s  i t  p o s s i b l e  to w r i t e  the  
b o u n d a r y  cond i t ions  for  s y s t e m  (101): 

% = k - - k c o s 2 ~ , ,  ~ z = ~ + k c o s 2 X ,  ~ = k s i n 2 k  (1.2) 

w h e r e  }, is the ang le  be tween  the  t angen t  to AB and the  , z - a x i s .  

T h e  shape  of the  neck  ou t s ide  AB does  not  a f fec t  the  solu t ion;  h o w e v e r ,  i t  mus t  be such  that  the y i e ld  condi t ion  is  
nowhe re  e x c e e d e d .  On AB we  a s s u m e  tha t  the neck  is f o r m e d  by  a smoo th  c u r v e  whose  equa t ion  can  be  w r i t t e n  in the 
f o r m  

~ - = i + ~  -~ , ~ ( 0 ) = ~ ' C 0 ) = 0  (1 .3 )  

and the  d i s t r i b u t i o n  of the m e c h a n i c a l  p r o p e r t i e s  in the p l a s t i c  r e g i o n  

k = k (r) + ~K (r, z), (1.4) 

H e r e ,  a is the  r ad ius  o f  the m i n i m u m  c r o s s  s e c t i o n  and 5 and a a r e  s m a l l  d i m e n s i o n l e s s  p a r a m e t e r s  of  the  s a m e  
o r d e r .  

P l a s t i c  n o n u n i f o r m i t y  of  the (1.4) type m a y  o c c u r ,  fo r  e x a m p l e ,  as  a r e s u l t  of  h a r d e n i n g  d u r i n g  ex ten ,don .  

In E q s .  ( 1 o l ) -  (1.4) it  is p o s s i b l e  to t r a n s f o r m  to d i m e n s i o n l e s s  quan t i t i e s  and in what  fo l lows  a l l  the  g e o m e t r i c  
d i m e n s i o n s  wi l l  be  r e f e r r e d  to the c h a r a c t e r i s t i c  d i m e n s i o n  a ,  and the s t r e s s e s  to k(r ) .  

We w r i t e  the  l i n e a r i z e d  so lu t ion  of  s y s t e m  (1.1) in the  p a r a m e t e r s  5 and  ~ : 

~j = crij~ + (6 + e) ~j ' ,  (1.5) 

The  c a s e  6 = e = 0 c o r r e s p o n d s  to the e x t e n s i o n  of  a c i r c u l a r  c y l i n d e r ,  when the y i e id  s t r e s s  is  a func t ion  only 
of  the c o o r d i n a t e  r ,  and f o r  the z e r o - o r d e r  so lu t ion  we have  

~z ~ = 2, ~r ~ = %,z ~ = 0, (1.6) 
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Subst i tut ing (1.5), (1.6) into (1.1) and l inea r iz ing ,  we obtain 

and, l i nea r i z ing  (1.2), (1.3), 

~'~r" O'Crz" O'~rz" Oar" OK Trz" 
0- -7- -+-~-=o ,  - - F ; - + - g i - + m - ~ - z  + - 7 - = 0  

r = ~r' + m ~  (1.7) 

d~p (z) (m = 28___~.~_). (1.8) % ' ~ 0 ,  Zz '=mK,  X r z ' = ( 2 - - m ) ~  at  r = t ,  a 

The so lu t ion  of  Eqs.  (1.7) with boundary  condit ions (1.8) (Cauchy problem)  wil l  be found in s e r i e s  form:  

r No(z) + ~ Ni(z) ( l  --r) i 

z~" = ~qo (z) + ~ S~(z) (t -- r) i 
i=l  

*rz' = TO (z) + ~ T i (z) (t - -  r) i , (1 ,9)  

for  which pu rpose  we a lso  expand the function K(r ,  z) in powers  of ( l - r ) :  
oo 

K(r ,  z ) = K ~ ( z ) +  ~ K ~ ( z ) ( l - - r ) i ,  (1.10) 

The convergence  of s e r i e s  (1.9) and (1.10) is ensured  by  the choice of ~P(z) and K(r ,  z) as  analyt ic  functions of 
t h e i r  a rgumen t s  [3]. 

Sa t i s fy ing  boundary condi t ions (1.8), we have 

d~ (z) 
N o = 0 ,  So~mKo, T o ~ ( 2 - - r a ) - ~ z  " (1.11) 

Subst i tut ing (1.9) and (1.10) into Eqs.  (1.7) and equating to ze ro ,  t e r m s  containing the s ame  powers  of ( 1 - r ) ,  we find r e -  
c u r r e n c e  r e l a t i ons  for  the s u c c e s s i v e  computat ion of  the r ema in ing  coeff ic ients  of s e r i e s  (1.9), 

i , 
Ni~..T Ti_ v Si-.~ Ni-{- mK t, i - - - - - | , 2 , 3 . . . .  

Tl = No" + To + mKo" 

r~= ~(iT~_ 1 -  N~_~ + iv~_i- mK~_~ + .~(~_,), ~=2, 3, 4 . . . . .  (1.12) 

A t 

2 

to 

Fig .  1 

If the nonuniformity  depends only on r ,  then, se t t ing  m -- 0 in (1.12), we obtain 

NI ---- To', T1 ---- To, No ~-- ~/o To, To ~ To + 1/2 To" 

N~ = 113To + 1Is To", rs ~ To .-]- 1/sTo" (1.13) 
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, i s ,  

N ,  ~- X/r + x/x~To '~r, T4 = To + ~/~4To" + I/uTo ; �9 �9 

Si = Ni, i = t, 2, 3 . . . . .  (1.14) 

In (1.12) a n d  (1.13) the  p r i m e s  d e n o t e  d e r i v a t i v e s  w i th  r e s p e c t  to  z .  

N e a r  the  ax i s  of  s y m m e t r y  the  t e r m s  in  E q s .  (1.1) c o n t a i n i n g  r - i  v a n i s h  [4], and  t he  s t r e s s  f i e ld  c a n  b e  c o n t i n u e d ,  

fo l lowing  [3]. 

T he  c o m p o n e n t s  of  u and  w in  the  d i r e c t i o n s  o r ,  oz m u s t  s a t i s f y  the  i n c o m p r e s s -  2.  C o n s i d e r  the  v e l o c i t y  f i e ld .  
i b i l i t y  c o n d i t i o n  

and  the  i s o t r o p y  c o n d i t i o n  

Ou Ow z* 
-g7 +--~-z + 7- = o (2.1) 

ou ow (2.2) 
- N ; + - o T = o .  

T h e  b o u n d a r y  c o n d i t i o n s  a r e  g i v e n  on the  s l i p  l i n e s  OA and  OB, a l o n g  wh ich  the  c o n d i t i o n  of  c o n t i n u i t y  of  the  n o r -  

m a l  c o m p o n e n t  m u s t  b e  s a t i s f i e d .  In a c c o r d a n c e  w i th  {1.5) we s e t  

u = ~ ~  ( 5 + 8 )  u', w = w ~  (6 + s )  w'. 

If  the  r i g i d  p a r t s  of the  t e s t  p i e e e  a r e  d i s p l a c e d  a t  r a t e s  w = V, w = - V ,  t h e n  fo r  the  z e r o - o r d e r  s o l u t i o n  the  
v e l o c i t y  f i e ld  wi l l  b e  [1] 

V - - - -  ~- i - - \ ' ~ - ]  j , V = t - - - - ~ ' a r c c o s  , (2.3) 

L i n e a r  e q u a t i o n s  (2.1) and  (2.2) a r e  r e t a i n e d  fo r  the  q u a n t i t i e s  u '  and  w ' ,  and  l i n e a r i z a t i o n  of  the  b o u n d a r y  c o n d i -  
t i o n s  a l o n g  OA and  OB g ives  

u ' + w ' - - 0  at  r = z ,  r = - - z ,  

I t  is  e a s y  to s e e  t h a t  t h e s e  c o n d i t i o n s  a r e  s a t i s f i e d  b y  t h e  s o l u t i o n  

td = W ~ = 0 ,  

T h u s ,  c o r r e c t  to q u a n t i t i e s  of  t he  s e c o n d  o r d e r ,  t he  s h a p e  of the  n e c k  (1.3) does  n o t  a f f e c t  the  v e l o c i t y  f i e ld  (2.3) 
of the  z e r o - o r d e r  s o l u t i o n .  T h i s  i s  a l s o  t r u e  of  t h e  e a s e  of  p l a n e  d e f o r m a t i o n  [5]; i t  c o n t i n u e s  to app ly  in tile p r e s e n c e  
of  n o n u n i f o r m i t y  of  the  (1.4) type .  

3 .  In a n a l y z i n g  the  s t a t e  of  s t r e s s  in  the  n e c k  of a t e n s i l e  t e s t  p i e c e ,  f u n c t i o n s  (1.3) and  (1.4) m u s t  u s u a l l y  b e  d e -  
t e r m i n e d  e x p e r i m e n t a l l y .  So lu t i on  (1.9) is  e s p e c i a l l y  s i m p l e  i f  ~(z)  i s  a n  i n t e g r a l  p o l y n o m i a l  of  d e g r e e  n; in  t h i s  c a s e  
t he  d e r i v a t i v e s  of  To, s t a r t i n g  f r o m  t he  n - t h ,  v a n i s h  and  s e r i e s  (1.9) c a n  b e  s u m m e d .  

F o r  s i m p l i c i t y ,  we c o n s i d e r  the  e x t e n s i o n  of  a h o m o g e n e o u s  r o d  w i th  a p a r a b o l o i d a l  n e c k  (F ig .  1): 

T h e  c o e f f i c i e n t s  (1.13) w i l l  b e  

and  s u m m a t i o n  g i v e s  

r = t + ~ .  (3.1) 

1 4 
N0=0,  N i ~ ' T T o ' ~ - T ,  i-~-1,2,3 . . . .  

To = T i = 4z 

~ r ' =  r~z'= - - 4 1 n r ,  ;Crz'= 4z/r ,  

N e a r  the  a x i s  of  s y m m e t r y  ( r  -< 7 ,  7 ~ 0) the  s o l u t i o n  b e e o m e s  

r z 
~," = ~z' = A -- 4 ~-, Zrz' = 4 ~- .  

C o n s t a n t  A is d e t e r m i n e d  f r o m  (3.2) and  (3.3) : 

A =  4 ( t - -  In7) .  

(3.2) 

(3.3) 
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The boundary of the region of solut ion (3.3) is now known; however,  the f ini teness  of the s t r e s se s  on the axis r e -  
qu i res  that T be of the same order  as 8. Correc t  to quanti t ies  of o rde r  52, the mean yield s t r e s s  (Crz) can be found by 
in tegrat ing (1.6) and (3.2): 

1 ' I  (az> = ~" 2~r (2 - -48]nr )dr  = 2 ( t  - - 8 ) = 2  t + (3.4) 
0 

where p is the radius  of curva ture  of the mer id ional  sect ion of the paraboloidal  neck at z = 0. 

We note that Eq. (3.4) differs f rom the cor responding  solution of Davidenko and Spiridonova [6] with respect  to the 
coefficient of the t e r m  1/p. 

"' ,,,, I/// i / 

~~ l i p  , 
" 

"' 7 ' ( f  
I i  , 

0 ! 

Fig. 2 

We invest igate  the development  of the neck and the associa ted  s t r e s s  d i s t r ibu t ion  in the state preceding tens i le  
f rac ture  using the following model.  After  the yield point is reached,  plast ic  flow develops in the neighborhood of the 
weakest  section; as a resul t  of hardening  the location of this sect ion changes continuously and plast ic  deformat ion suc -  
cess ive ly  embraces  different  par t s  of the tes t  piece,  hardening it  un i formly  (in the s ta t i s t ica l  sense) and p re se rv ing  the 
ini t ia l  cy l indr ica l  shape. However, dur ing  deformat ion the metal  loses its abi l i ty  to harden and af ter  a cer ta in  t ime the 
flow region is localized,  causing the formation of a neck.  An exper imenta l  conf i rmat ion of this model may be found in 
[7]. As shown, in the f i rs t  approximat ion,  for an a r b i t r a r y  neck descr ibed  by an equation of the (1.3) type the veloci ty 
field (2.3) is p r e se rved .  F rom Eqs. (2.3) we computed the success ive  changes in the neck shown in Fig. 2 (curves 1, 
. . . .  7). In each stage of the computations the shape of the neck was approximated by Eq. (3.1) and the smal lness  of the 
p a r a m e t e r  5 was checked. The computations were continued unti l  the s t a r t ing  d iamete r  was reduced by a factor of 4.8; 
however,  the value of 6 did not exceed 0.15. 

In Fig.  2 we have plotted the ver t ica l  s t r e s s  d iagrams  (curves 2 ' ,  4 ' ,  6') in the min imum cross  sect ion of the test  
piece calculated f rom Eq$. (3.2) and (3.3) for the instants  in quest ion.  
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